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A Tallini set in a projective space P is a set Q of points of P such that each line 
not contained in Q intersects Q in at most two points. We prove that if P is a finite 
projective space with odd order q > 3 and dimension d > 2 and if / Qi > q”-’ + 
2qde3 + qdd4 + ‘.’ + 1, then Q is essentially an orthogonal quadric. The proof of 
this theorem is based on a characterization of the orthogonal quadrics in every 
finite dimensional projective space (with possib!y infinite order). 
1. INTRODUCTION AND RESULTS 
G. Tallini has obtained nice characterizations of the orthogonal quadrics 
of a finite projective space, as subsets of points intersected by each line in 0, 
1, 2 or all of its points. In [8], he proves that if Q is a set of points of a 
projective space PG(d, q) of dimension d and order q, which is intersected by 
every line in 0, 1, 2 or q + 1 points, and if Q has cardinality at least 
9 d-‘+qd--2++- 1, th en Q is, up to a few exceptions, an orthogonal 
quadric in a projective space of even dimension or a hyperbolic quadric in a 
projective space of odd dimension. The elliptic quadrics in odd dimensional 
spaces are not characterized in this way, for their cardinality is larger than 
the bound taken above. In [9], Tallini gives a particular characterization of 
the elliptic quadrics using the exact number of their points. 
In view of a generalization of Tallini’s results, we investigate, in [4], the 
class of all sets Q of points of a projective space ‘such that each line not 
contained in Q meets it in at most two points; we call such a set a TulZf~i 
set. This study shows that the class of Tallini sets involves many objects 
which are very different from quadrics. 
Our purpose is to give a unified characterization of the three types of finite 
orthogonal quadrics, by classifying Tallini sets whose cardinality is bigger 
than a sufficiently small bound. The present paper deals with Tallini sets in 
projective spaces of odd order q > 3. The even order case and the case 4 = 3 
will be studied separately [5]. 
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THEOREM 1. Let Q be a Tallini set in a finite projective space PG(d, q) 
withd~3andq>3,qodd.I~fQl>qd-‘+2qd-3fqd--4+...+1,thenQ 
is a quadric or Q is the union of a hyperplane H and of a subspace not 
contained in H. 
Actually, this theorem does not characterize the elliptic quadrics in 3- 
dimensional spaces, because their cardinality is smaller then q2 + 2. 
However, a complete classification of Tallini sets in PG(3, q) is obtained in 
[4] (see also Proposition 2 of this paper) and so, using a known result on 3- 
dimensional maximal caps [I, 61, we can improve Theorem 1 for d = 3, as 
follows: 
THEOREM 1’. Let Q be a Tallini set in a finite projective space PG(3, q) 
with q > 3, q odd. If 1 Ql > q’, then either Q is a quadric or one of the 
following occurs: (i) Q is the union of a plane II and of a subspace not 
contained in m, (ii) Q is the union of the lines joining q points on a conic C 
to some point p not in the plane of C; (iii) Q is a set of @pe (ii) together with 
the (q f 1)th point of C. 
The proof of Theorem 1 is based on a preliminary characterization of 
quadrics among Tallini sets, which is valid in every finite dimensional 
projective space (with possibly infinite order). 
THEOREM 2. Let Q be a nondegenerate’ Tallini set in a finite dimen- 
sional projective space P. Suppose Q contains a line of P. Then Q is a 
(nondegenerate) orthogonal quadric in P ifs no plane of P intersects Q in the 
union of a line and of a point not on this line. 
Let us notice that this characterization is not valid for degenerate Tallini 
sets (see Section 3). 
We also mention a corollary of this theorem, which is another charac- 
terization of finite and infinite quadrics. 
THEOREM 3. Let Q be a Tallini set in a finite dimensional projective 
space P. Suppose that Q is a union of lines of P and contains two skew lines. 
Then Q is a nondegenerate orthogonal quadric in P iff, for every pair of skew 
lines L and A4 of Q, there exist at least three lines of Q meeting L and M. 
2. DEFINITIONS AND BACKGROUND 
First of all, we introduce some definitions and notations. 
Let P be a projective space. If p, q are points of P, then the line through p 
’ See definition in Section 2. 
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and q is denoted by pq and if X is any subset of P, the subspace of P 
generated by X is denoted by (X). 
A Tallini set in P [4] is a set Q of points generating P such that 
IL n Q j < 2, for every line L of P not contained in Q- A line L which is 
contained in Q is a line of Q, Two points p, q E Q are said to be adjacent, 
and we write p - q, if the line pq is a line of Q. For convenience, we say that 
p is adjacent to itself, A point p E Q is a double point of Q if p is adjacent to 
all points of Q and Q is called degenerate if Q has some double point. Notice 
that, if 5’ is a subspace of P, then the set 5’ n Q is a Tallini set in a (possibly 
proper) subspace of S. If Q does not contain any line, we say, according to a 
standard terminology, that Q is a cap in P (an arc if P is a projective plane). 
Let us recall a few results on Tallini sets. 
PRQPOSITION 1 [4]. Every Tallini set in a projective plane P is one of 
the following: 
(1) an arc in P (in particular a nondegenerate conic), 
(2) the union of a line L of P and of a subspace of dimension 0 or I in 
P, not contained in L, 
(3) the plane P itself 
PROPOSITION 2 [4]. Every Tallini set in a 3-dimensional projective space 
P is one of the following: 
(I) a cap in P (in particular an elliptic quadric), 
(2) a subset (generating P) which is the union of at least two of the 
following lines of P: two skew lines L, and L, and two other skew lines N, 
and M, intersecting L, and L, , 
(3) a ruled quadric in P, 
(4) the union of lines Li joining a point p of P to an arc in some plane 
exterior to p, together with a @ossibly empty) set K, which is a cap in (K), 
no point of K being contained in a plane (Li, Lj) and no pair of points of K 
being coplanar with a line Lj, 
(5) the union of a plane If and a subspace of dimension 0, i or 2 in P 
not contained in IT, 
(6) the space P itseJfI 
PROPOSITION 3 [4]. Let Q be a Tallini set in a projective space P and let 
A be the subspace of its double points. If B is a complementary2 subspace of 
A in P, then B (‘7 Q is a nondegenerate Tallini set B and Q is the union of ail 
* 3 is a complementary subspace of A if A n B = or and (A, B) = P. 
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lines join,ing a point of A to a point of B n Q. Conversely, ifA and B are two 
complementary subspaces of P and if Q is a nondegenerate Tallini set in B, 
then the union Q of all lines joining every point of A to all points of 0 is a 
Tallini set in P, with A as set of double points. 
Finally, we need the notions of (projective) polar space and of a semi- 
quadratic set. In the present paper, we shall depart from the terminology of 
[3] and adopt the somewhat more restrictive definitions. 
A (projective) polar space in P is a set Q of points generating P such that, 
for every point p E Q and every line L c Q - {p}, the point p is adjacent3 to 
exactly one or all points of L. 
A semi-quadratic set in P is a set Q of points generating P such that, for 
every point p E Q, the union of the tangent lines4 at p is a hyperplane of P or 
P itself. 
A quadratic set in P [2] is a Tallini set which is also a semi-quadratic set. 
We recall two theorems which are fundamental for our proofs. 
PROPOSITION 4 [2]. Let P. be a finite dimensional projective, space. Then 
every nondegenerate quadratic set in P is a (nondegenerate) orthogonal 
quadric or an ovoid in P. 
PROPOSITION 5 [3]. Every semi-quadratic set is a polar space. 
Furthermore, if P is a finite dimensional projective space, then every 
nondegenerate polar space in P containing a line is a semi-quadratic set. 
3. PROOF OF THEOREM 2 
Let Q be a nondegenerate Tallini set in U, containing a line of P. Suppose 
that no plane meets Q along the union of a line and a point not on this line. 
Consider any point p and any line Z, of Q not through p. By! Proposition 1, 
the plane (p, L) meets Q along two lines or is contained in Q. Hence, p is 
adjacent to exactly one or all points of L and Q is a polar space. Now, as Q 
is nondegenerate and conrains a line, Proposition 5 can be applied: Q is a 
semi-quadratic set, i.e., a quadratic set in P. And so, by Proposition 4, Q is 
an orthogonal quadric. 
The converse assertion is a known property of quadrics. It can also be 
checked by reading the preceding proof backwards. 
Remark. This theorem is false for degenerate Tallini sets. Indeed, let Q 
be a degenerate Tallini set. Then, by Proposition 3, Q is the union of all lines 
3Adjacency and degeneracy are defined in the same way as for Tallini sets (see above). 
4AIineListangenttoQatpifLAQ=fpiorifpELandLcQ. 
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joining a point of a subspace A to a point of a nondegenerate Tallini set Q in 
a subspace B, complementary to A. Suppose now that Q contains no plane 
section which is a union of a line and a point not on the line. If Q contains 
some line, then, as Q is nondegenerate, Theorem 2 shows that Q is a quadric 
and so Q is also a quadric. But if Q contains no line, i.e., if @is some cap in 
B, then the degenerate Tallini set Q constructed from & is not necessarily a 
quadric; however, Q does not contain any plane section which is a union of 
a line and a point not on the line. 
4. PROOF OF THEOREM 3 
The necessity of the condition is well known. We prove its sufficiency. 
Let Q be a Tallini set, which is a union of lines and which contains at 
least two skew lines, such that, for every pair of skew lines L and M, there 
exist at least three hnes of Q meeting L and M. Suppose Q has a plane 
section which is a union of a line N and a point p not on N. As Q is a union 
of lines, there exists a line N’ through p which is necessarily skew to N. 
Then, the subspace (N, N’) intersects Q in a Tallini set containing two skew 
lines and having a plane section which is the union of N and p: it must be a 
Tallini set of type (2) or (5) of Proposition 2. In this case, there exist two 
skew lines L and M of Q, such that there are exactly one or two lines of Q 
meeting L and M, a contradiction. Hence, Q cannot contain any plane 
section which is the union of a line and a point exterior to the line, 
Consequently, if Q is not degenerate, Theorem 3 is a corollary of 
Theorem 2. If Q is degenerate, then Q is the union of all lines joining a point 
of a subspace A to a point of a nondegenerate Tallini set Q in B, a 
complementary subspace to A. Suppose g contains no line. In this case, Q is 
a union of subspaces Si in which A is a hyperplane and the pairs of skew 
lines of Q do not satisfy the original assumption. Hence 8 must contain a 
line. Then, as we proved that Q cannot contain any plane section, union of a 
line and an exterior point, it follows from Theorem 2 that & is a qaadric. 
Hence Q is also a quadric and the proof is finished. 
5. PROOF OF THEOREM 1 
We first prove two lemmas, classifying Tailini sets in a projective space P, 
containing a hyperplane of P or a subspace of dimension d - 2 in P. 
LEMMA 1. Let P be a projective space and let Q be a Tailini set in B, 
containing a hypepplane H of P. Then Q is the union of H and of a subspace 
not contained in H. 
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Proof: We have to prove that the subspace generated by the points of 
Q - H is contained in Q. Let p and q be two points of Q -H. The line pq 
meets H in a point of Q, distinct from p and q. Hence, since Q is a Tallini 
set, pq is contained in Q. Consequently, the linear closure of the points of 
Q -H is contained in Q and the lemma is proved. 
LEMMA 2. Let PG(d, q) be a finite projective space of dim&on d > 2 
and odd order q > 3. Let Q be a Tallini set in PG(d, q), containing some 
subspace of dimension d - 2, but no hyperplane of PG(d, q), If) Q] > qd- ’ + 
2qd-3 + qd-4 + ... -I- 1, then Q is an orthogonal quadric. 
ProoJ: Let S be a subspace of dimension d - 2 contained in Q and let us 
consider the hyperplanes Hi through S. By Lemma 1, each intersection 
Hi f7 Q is the union of S and of some subspace Ti not contained in S. The 
dimension of Ti is at most d - 2, for Q contains no hyperplane. Denote by 
Tide2 the subspaces Ti having dimension d - 2 and let ,I be their number. 
Then, 
i.e.. 
Consequently, if ( Q/ is greater than qd-’ + 2qdb3 + qd-4 + ... + 1, we get 
L(q- l)>q’--2q, i.e., I>q-1. We shall prove that, if A=q-1, q or 
q + 1, then Q is a quadric. 
(1) Suppose all subspaces Tf-’ intersect S in the same subspace U of 
dimension d - 3. Consider a plane Q skew to U. The A$- 1 subspaces S and 
Tf-’ meet a in 1 f I distinct points pi of Q. But (r f7 Q cannot contain any 
line, otherwise Q would contain a hyperplane of PG(d, q). Hence, the set 
{pi)i=O, l,..., A} is a (A + 1)arc. 
Now, consider the union Q’ of S and of the A subspaces Tf-‘. Suppose 
there exists a point p of Q not contained in @. The subspace (U, p) 
intersects a in a point p’. We shall show that {p’ } U { piI i = 0, l,..., A] is a 
(A + 2)-arc in a: suppose, by way of contradiction, that there is a line L on 
p’ intersecting Ipil i = 0, l,..., A} in two points; the hyperplane H = (U, L) 
intersects Q in two distinct subspaces of dimension d - 2, together with an 
exterior point p; so H must be contained in Q (see Lemma l), a 
contradiction with the assumptions on Q. 
We are now able to conclude. If A = q + 1, we get an immediate 
contradiction. Indeed, as q is odd, an arc has at most q + 1 points and so 
{piIi=O, l,..., A) cannot be an arc. If d = q, the set (p’} U {piti= 0, l,..., 1) 
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cannot be an arc and so Q must be the set Q’ defined above. But, by a we& 
known result [7], the set (pi(i=O, I ,..., A) is a nondegenerate conic. Hence, 
Q is a degenerate quadric with set of double points U. If ;1= q - 1, then, for 
each point p, the corresponding set { p’ 1 U {piI i = 0, I,..., A} is a conic. As 
this conic is entirely determined by the p,‘s, the point p’ is unique and so Q is 
the union of Q’ and of a set K of points contained in the (d - 2)dimensional 
subspace (U, p’}. But, by choosing the hyperplane (p’, Tfd2) for some 
TfM2, we see (Lemma 1) that K is a subspace. Its dimensiun is necessarily 
lessthand-2.Consequently,wegetIQ(~q(qd-2)-t4d-34...+I$qd-3~ 
which contradicts the hypothesis of the lemma. 
(2) Suppose there exist two subspaces Tte2 and Tf-’ meeting S in 
two distinct subspaces U, and U,, respectively. If St = 3, we use 
Proposition 2: since 9 > 3 and as & contains no plane, j Qi > 4’ c 2 implies 
that Q is a ruled quad& If d > 4, let I/ be the (d - 4)dimensional subspace 
U, I’? U,. Consider a point p of Q not in Tf-’ nor Tfe2. The hyperplanes 
(p, Tf-‘) and (p, T;i-‘) intersect in a (d- 2)-dimensional subspace S(p); 
the latter must be in Q, otherwise there would he some line on p not 
contained in Q but having more than two points in Q. In this way, we show 
that each point p of Q - Tf-’ - Tim2 is in a (d - 2)-dimensional subspatze 
S(p) contained in Q. As S(p) contains of course V, we have so proved that 
Q is the union of (d-2)-dimensional subspaces through the (d - 4) 
dimensional V: Q is a degenerate Tallini set, with set of double points V. If 
W is a complementary subspace of V, the intersection Q z Q n W is a 3- 
dimensional Tallini set. An easy computation shows that j 01 must be greater 
than 4” + 2, according to the assumption on the cardinahty of 
Furthermore e cannot contain any plane, because Q cannot contain a 
hypetplane. Consequently, as we saw above, s is a ruled quadric. IPence 
is a degenerate quadric with set of double points Vs 
In order IO prove Theorem 1, we establish the following lemma. 
LEMMA 3. Let PG(d, q) be a finite projective space of dimensiovl d > 2 
and odd order q > 3. Let Q be a Tallini set in PG(d, q) such that If?\ > 
4 d-’ i- 2qd-3 + qdW4 f ... + 1. Then either Q contains a hyperplane, or 
contaitis no plane section which is the union atf a line and of a point not on 
this line. 
PuooJ We use an induction on the dimension of the projective space. 
(1) If d = 3, we can refer to Proposition 2. The Tallini sets having 
cardinality greater than q2 + 2 are, for q odd and 4 > 3, the ruled quadrics, 
the orthogonal cones and sets containing a plane. Lemma 3 is so proved for 
d= 3. 
(2) Suppose d > 3. If Q contains no Line, then a known result /8\ 
304 CHRISTIANE LEFEVRE-PERCSY 
shows that ( Q ( < qd-’ + 1. Hence Q necessarily contains a line of PG((I’, 4,). 
We prove Lemma 3 by showing that, if there is a plane a intersecting Q in 
the union of a line and of a point not on this line, then Q contains a hyper- 
plane. Let S be a subspace of dimension i (2 < i < d - 2) through a such 
that lSnQ/ =qi-’ + 2qlV3 +qiM4 + ... + 1 +A, with A> 0 (for i=2, 
IS n Ql = /an Ql = q -t 2). Suppose all (i + 1)-dimensional subspaces Tj 
through S intersect Q in at most qi + 2q’-* + qiv3 + . + 1 points. Then, 
computing the points of Q in the Tj’s, we get 
3- (qd-‘-’ + . . . + 1) cqi + zqi-* - qi-l - qi-3 - 1). 
This bound is certainly less than qd-’ + 2qde3 + gdd4 + .‘. + 1, which 
contradicts the hypothesis of the lemma. Hence, as i runs from 2 to d - 2, 
there exists a hyperplane H in PG(d, q) containing IX: and such that 
(Hn Ql > qde2 + 2qde4 + qde5 + ... + 1. By induction and since a c H, the 
set H 17 Q must contain a hyperplane, i.e., Q must contain a (d - 2)- 
dimensional subspace. Then Lemma 2 shows that Q is a quadric, unless Q 
contains a hyperplane. As no quadric contains a plane section which is 
union of a line and a point, this completes the proof. 
Finally we can conclude. 
Proof of Theorem 1. As we have already seen (proof of Lemma 3), Q 
contains necessarily a line. Then, if Q is nondegenerate, Theorem 1 is an 
immediate consequence of Lemma 3 and Theorem 2. If Q is degenerate, Q is 
the union of all lines joining the points of a subspace A to the points of a 
Tallini set Q in a complementary subspace B of A. It is easy to show that, if 
1 Ql > qd-’ + 2qdd3 + qdw4 + . . . + 1 and if a is the dimension of A, then 
(81 > qd-@-l + 2qd-a-4 + qd-O-’ + . . + 1. Hence Q is a Endegenerate 
Tallini set in I3 satisfying the assumptions of Theorem 1. Thus Q is a quadric 
or contains a hyperplane. It follows immediately that the same is true for Q. 
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